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R e p r i n t  
ANALYTICAL S T U D I E S  O F  THE HURST E F F E C T :  
A  SURVEY O F  THE P R E S E N T  P O S I T I O N  
A. A. A n i s  
E .  H.  L l o y d  
A u g u s t  1 9 7 5  
R e s e a r c h  R e p o r t s  are  p u b l i c a t i o n s  r e p o r t i n g  
on t h e  w o r k  of t h e  a u t h o r .  A n y  v i e w s  o r  
c o n c l u s i o n s  a re  those  of t h e  a u t h o r ,  and do 
n o t  necessarily re f l ec t  those  of I I A S A .  

A n a l v t i c a l  S t u d i e s  of t h e  H u r s t  E f f e c t :  
A Survey of  t h e  P r e s e n t  p o s i t i o n *  
* :: : 
A. A. ~ n i s ~ ' *  and E. H.  Lloyd 
The Hydro log ica l  S i g n i f i c a n c e  o f  H u r s t ' s  Law 
Two of t h e  most s t r i k i n g  s t a t i s t i c a l  f e a t u r e s  o f  hydro- 
logy  a r e  1 )  t h e  g e n e r a l  r a r i t y  of d a t a ,  and 2 )  t h e  complex i ty  
r e q u i r e d  o f  even m o d e r a t e l y  r e a l i s t i c  models .  ( I n  p a r t i c u l a r ,  
w h i l s t  i n  many b r a n c h e s  of  e n g i n e e r i n g  p r a c t i c a l  u s e  c a n  be  
made o f  s i m p l e  s t o c h a s t i c  models i n v o l v i n g  m u t u a l l y  inde-  
pendent  random v a r i a b l e s ,  t h i s  i s  a l m o s t  never  t h e  c a s e  i n  
hydrology;  t h e  v a r i a b l e s  concerned u s u a l l y  e x h i b i t i n g  complex 
c r o s s  and a u t o - c o r r e l a t i o n  s t r u c t u r e s . )  
These f a c t o r s  amongst o t h e r s  have l e d  t o  t h e  widespread 
u s e  of  numer ica l  s i m u l a t i o n  methods,  i n  which " s y n t h e t i c  d a t a "  
a r e  g e n e r a t e d  i n  l a r g e  q u a n t i t i e s  and s u b j e c t e d  t o  numer ica l  
m a n i p u l a t i o n .  The g e n e r a t i n g  p r o c e s s  must r e p r o d u c e  d a t a  a s  
good a s  t h e  d a t a  from what a r e  r ega rded  a s  t h e  most i m p o r t a n t  
f e a t u r e s  of  t h e  h i s t o r i c a l  r e c o r d .  I n  t h e  t w e n t i e s  of  t h i s  
c e n t u r y  t h e s e  were t a k e n  t o  be t h e  s e a s o n a l  a v e r a g e s  and 
t h e  d a i l y ,  monthly ,  q u a r t e r l y  o r  a n n u a l  f l u c t u a t i o n s .  L a t e r ,  
t h i s  l i s t  was supplemented by imposing a s imple  s e r i a l  c o r -  
r e l a t i o n  s t r u c t u r e  on t h e  i n f l o w s  i n  accordance  w i t h  what 
h a s  become s t a n d a r d  p r a c t i c e  i n  s t a t i s t i c a l  time-series ana- 
l y s i s .  More r e c e n t l y  t h e  s i t u a t i o n  h a s  been f u r t h e r  t r a n s -  
formed by t h e  d i s c o v e r y  of  t h e  H u r s t  e f f e c t ,  and r e s e a r c h  i n  
s i m u l a t e d  d a t a  g e n e r a t i o n  i s  now c o n c e n t r a t e d  on methods of  
producing number sequences  showing H u r s t - l i k e  behav iour  
* T h i s  r e p o r t  forms a n  expanded v e r s i o n  of  a  seminar  p re -  
s e n t e d  by t h e  a u t h o r s  a t  IIASA i n  May 1 9 7 5 .  
* * Ain Shams U n i v e r s i t y ,  C a i r o ,  Egypt.  
* * * U n i v e r s i t y  o f  L a n c a s t e r ,  UK.  
I t  i s  t h e r e f o r e  a  m a t t e r  of  i n t e r e s t  i n  hydro logy  t o  a t t e m p t  
t o  u n d e r s t a n d  what  t h e  H u r s t  e f f e c t  i s ,  and t o  c o n s t r u c t  
m a t h e m a t i c a l  models  f o r  d a t a - g e n e r a t i o n  t h a t  a r e  c o m p a t i b l e  
w i t h  H u r s t ' s  law.  
I n  t h e  work r e p o r t e d  on  i n  t h i s  p a p e r ,  w e  r e c o n s i d e r  t h e  
i n t e r p r e t a t i o n  o f  H u r s t ' s  d a t a  and t h e  f o r m u l a t i o n  o f  H u r s t ' s  
law, p ropose  a t h e o r e t i c a l  model whose s t a t i s t i c a l  p r o p e r t i e s  
c a n  i n  p r i n c i p l e  b e  d e r i v e d  a n a l y t i c a l l y ,  summarise s u c h  ana-  
l y t i c a l  r e s u l t s  a s  a r e  a v a i l a b l e ,  and i n d i c a t e  a  d i r e c t i o n  o f  
o f  p o s s i b l e  p r o g r e s s .  
1 .  The Adjus ted  Range 
Denote t h e  c o n s e c u t i v e  a n n u a l  f l o w s  i n t o  a r e s e r v o i r  o v e r  
a  p e r i o d  by 
t h e  i n i t i a l  c o n t e n t s  by - a ,  and t h e  c o n s e c u t i v e  a n n u a l  a b s t r a c -  
t i o n s  o v e r  t h e  same p e r i o d  by 
The r e s e r v o i r  and i t s  i n i t i a l  c o n t e n t s  b e i n g  supposed  s u f -  
f i c i e n t l y  l a r g e ,  t h e  s u c c e s s i v e  n e t  a n n u a l  c o n t e n t s  a t  t h e  
end o f  e a c h  w a t e r  y e a r  w i l l  be  
Denote t h e  l a r g e s t  o f  t h e s e  q u a n t i t i t e s  by a  + mn (where 
m > 0) and t h e  s m a l l e s t  by a  + Iln (where Rn > 0 ) .  ~ 1 ?  r. 
n  - - 
i f  w e  n e g l e c t  f l u c t u a t i o n s  of  l e v e l s  w i t h i n  e a c h  water y e a r  
and c o n s i d e r  o n l y  t h e  l e v e l s  a t  t h e  end of  e a c h  y e a r ,  namely, 
t h e  q u a n t i t i e s  ( I ) ,  t h e  c r i t i c a l  c o n d i t i o n s  on  t h e  r e s e r v o i r  
t o  a v o i d  a )  s p i l l i n g  and b )  c o m p l e t e l y  emptying ,  f o r  t h i s  
s e t  of  d a t a ,  a r e  
a )  r e s e r v o i r  c a p a c i t y  = a  + m n  
b )  c l + r = C  ; 
t h a t  i s ,  t h e  r e q u i r e d  r e s e r v o i r  c a p a c i t y  i s  
where t h e  n o t a t i o n  " m a x ( - - - ) "  d e n o t e s  t h e  l a r g e s t  o f  t h e  q u a n t i -  
t i e s  i n  p a r e n t h e s e s ,  and " m i n ( * - 0 ) "  t h e  s m a l l e s t .  The 
q a n t i t y  mn - n  d e f i n e d  i n  ( 2 )  i n  t h e  r a n g e  o f  t h e  accumula ted  
sums o f  t h e  numbers 
I n  h y d r o l o g i c a l  c o n t e x t s  o f  t h i s  k i n d  t h e  e x p l i c i t  r e f e r e n c e  
t o  accumulated sums i s  u s u a l l y  o m i t t e d ,  and one  s p e a k s  s imply  
o f  t h e  r a n a e .  
The ways i n  which t h e  s t a t i s t i c a l  p r o p e r t i e s  o f  t h i s  
r a n g e  depend on t h e  d u r a t i o n  of t h e  r e c o r d  a r e ,  c l e a r l y ,  re- 
l e v a n t  t o  t h e  d e s i g n  c a p a c i t y  o f  t h e  r e s e r v o i r .  T h i s  i s  
e s p e c i a l l y  t r u e  of  t h e  mean v a l u  o f  m - 
'n 
a s  a  f u n c t i o n  of  
n  
n .  I n  s t u d i e s  o f  t h i s  s u b j e c t  t h e  s i m p l i f i c a t i o n  i s  o f t e n  
made o f  t a k i n g  t h e  a b s t r a c t e d  q u a n t i t i t e s  w l ,  w 2 , . . . , w  
n  
t o  have a  common v a l u e  w,  s o  t h a t  
this being the range of accumulated sums of the quantities 
0, XI - W, X - W X  - W . 2 n 
Finally, it is useful to consider the special case when the 
final contents of the reservoir, at the end of the n-year 





The range m - En for this case is called the adjusted range, 
n 
r* to distinguish it from other cases. Thus the adjusted 
n' 
range is 
s i n c e  
2 .  S c a l i n g :  The H u r s t  Range ~ n d  t h e  H u r s t  Phenomenon 
The magnitude of  t h e  a d j u s t e d  r a n g e  o f  a n  n-year r e c o r d  
a s  d e f i n e d  i n  ( 3 )  i s ,  c l e a r l y ,  r e l a t e d  t o  t h e  i n h e r e n t  
v a r i a b i l i t y  o f  t h e  d a t a .  Highly v ~ i a b l e  d a t a  w i l l  u s u a l l y  
p o s s e s s  a  l a r g e  a d j u s t e d  r a n g e ,  w h i l s t  r e l a t i v e l y  i n v a r i a b l e  
d a t a  w i l l  p o s s e s s  o n l y  a  s m a l l  a d j u s t e d  r a n g e .  I n  o r d e r  t o  
a l l o w  f o r  compar isons  between d i f f e r e n t  r u n s  o f  d a t a  from a  
g i v e n  r i v e r ,  o r  between sets o f  d a t a  from d i f f e r e n t  r i v e r s ,  
H u r s t  i n t r o d u c e d  t h e  i d e a  o f  s c a l i n g  t h e  a d j u s t e d  r a n g e  
m - R o f  a  g i v e n  set o f  d a t a  by d i v i d i n g  by t h e  sample 
n  
s t a n d a r d  d e v i a t i o n  dn  of  t h e  n  i n f l o w s  x l , x 2 ,  ..., x  . The 
n  
r e s u l t i n g  r a t i o n  
where 
i s  c a l l e d  t h e  r e s c a l e d  a d j u s t e d  r a n g e ,  o r  t h e  H u r s t  r a n g e .  
- 
The Hurs t  r a n g e  i s  o f  c o u r s e  a  non-dimensional q u a n t i t y ,  
and i t s  numerica l  v a l u e  i s  n o t  a f f e c t e d  by t h e  u n i t s  used 
i n  measuring t h e  f l o w s  x  . j  
The s c a l i n g  p r o c e d u r e  a l s o  h a s  a  s t a b i l i z i n g  e f f e c t :  
some d  i s  p o s i t i v e l y  c o r r e l a t e d  w i t h  r:, t h e  r a t i o  
n  
r** = r* /dn  and h a s  a  s m a l l e r  sampling v a r i a b i l i t y  t h a n  t h e  
n  n  
u n s c a l e d  range .  ( P o s s i b l e  v a r i a n t s  i n  t h e  i n t e r p r e t a t i o n  o f  
H u r s t ' s  r a n g e  a r e  d i s c u s s e d  i n  S e c t i o n  3.)  
On t h e  b a s i s  o f  a n  e x c e p t i o n a l l y  l a r g e  body of  d a t a  ob- 
r a i n e d  from a  wide v a r i e t y  o f  r i v e r s  (and o t h e r  s o u r c e s  o f  
g e o p h y s i c a l l y  e q u i v a l e n t  d a t a )  Hurs t  announced i n  1954 t h a t  
the way in which r** increased with n was not proportional 
4 n to n , as elementary theory would lead one to expect, but 
to n h 0.72, or rather to n , where h was near to 0.72 in all 
cases, with relatively small fluctuations from one set of 
data to another. Explicitly, his formulation was equivalent 
to : 
where h had a mean value of about 0.72 and a standard 
deviation of about 0.09. (Our notation differs from Hurst's 
for reasons which will be explained in a subsequent paper.) 
In this paper we refer to the exponent h as the Hurst 
exponent, the discrepancy between the empirical value of 
h(=0.7), and the value to be ex~ected on eleinentarv theory 
(=0.5) as the Hurst effect or the Hurst phenomenon, and 
the formulation (.6) as a version of Hurst's law. (This 
nomenclature has been created by hydrologists and probabilists, 
and not by Hurst himself,) 
3. Some Possible Ambiguieties in IIurst's Data 
and His Treatment of It 
3.1 The Data 
The following table is a brief extract from some of Hurst's 
data as summarized in Hurst [12]. The summary consists of 
single rows of data for certain rivers (e.g. the clississippi 
in our excerpt, Table 1.) and several rows, corresponding to 
different but possibly overlapping intervals, in the case of 
other rivers (such as the Nile at Aswan in our excerpt). Each 
run is, however, too concise a summary to enable one to see the 
details. Some light is thrown on these by graphs (given in 
the same publication),such as the following Figure 1. 
Table  1.  Accumulated d e p a r t u r e s ,  r i v e r  d i s c h a r g e s .  
River  P e r i o d  Dura t ion  S t d .  Adj.  Hur s t  Hur s t  
Devn. r ange  r ange  exponent  
Missis- 1874 /1936  63  13  1 9 0  14.6 0 . 7 7  
s i p p i  
N i l e  1870 /1975  2  1  13 .4  9  8  7 .3  0 .74  
(Aswan) 1899 /1957  59  12 .2  7 0  5.7 0 . 5 0  
1870 /1913  4  4  19.3 2 9 2  15 .1  0 .88  
1 9 1  4 /1957 4  4  11 .0  82  7 . 5  0 .65  
1870 /1957  88  17 .5  5 0 0  34.2 0 . 8 8  
FIGURE 1 
3.2 An Ambiguity 
It is clear that Hurst's method was to plot values of 
log rE* against log n, for a variety of values of n, for 
each of his sets of river data. In all cases the points ap- 
peared to lie on a straight line of slope h (where h is 
about 0.7) , and pass through or near the point (rE* = 1, n = 2-h) . 
What is not clear is the relation of a graph of this kind, 
involving perhaps five or six plotted points, to a single run 
of data in the summary Table 1. In our interpretation, we have 
assumed that the individual annual flow xl,x2, ..., x corres- 
n 
ponding to a typical run in the summary table here have been 
broken up into segments 
of convenient lengths, and then analyzed as follows. 
1) For the first segment, with n(1) entries, compute 
the sample mean x the accumulated deviations xl + ... + xr - 
n(1) ' 
rZ 
n(1) , r = 1,2 ,..., n(l), the max(m n(1) ) and the min (R n(1)) Of 
these deviations, the adjusted range = m 
n(1) - 'n(1)' 
where 
znd the rescaled adjusted range 
This value of r** is then plotted against n(l), giving a 
n(1) 
single point on the log-log graph. 
2) This first segment 
is then enlarged by including the flows 
which form the second row of (7) thus creating an extended segment 
containing n(2) flow values (which include the n(1) flow values 
considered in the first segment). The extended segment is then 
analyzed in exactly the same way as was the first segment; that 
is we compute the sample mean x 
n(2) of the extended segment 
and consider the appropriate accumulated deviations 
for 
We compute their max m 
n (2) and min R n(2) ' their standard 
deviation d 
n(2) ' where 
and their rescaled adjusted range 
This computation provides a second point to be plotted at 
{n(2),r;T2) } on the log-log graph. 
3) The enlarged segment is now further enlarged by adjoining 
the third segment, to become 
and this is treated in the same way, etc. In this way one 
obtains a number of points, 
(where 
n(1) < n(2) < n(3) , etc.) 
perhaps five or six in number, to which a reasonable looking 
straight line may be fitted in log-log graph paper. 
(Our model, to be described in a subsequent section, would 
also be consistent with an alternative interpretation, namely 
that each of the "segments" corresponding to the rows of Table 1 
has been separately analyzed by method 1) above, that is to 
say by working with non-overlapping segments, for each of which 
its own mean, its own max and min of accumulated deviations, its 
own standard deviation, etc. is computed. However, this does not 
seem to be the method that Hurst actually employed. There is 
another possible interpretation of Hurst's arithmetic, which is 
this. One computes the adjusted ranges r:(l),r;(2),..., of 
this first segment of n(1) items, the augmented segment counting 
of the first n(2) items, and so on, as described above, but 
rescales them all by dividing by a common divisor dn, the 
standard deviation of the entire record of n flows. The relation 
of this interpretation to our model is discussed at the end of 
Section 5.) 
3 . 3  Another Ambiguity 
A s  we have expla ined ,  Hurst  p l o t t e d  h i s  computed re- 
sca l ed  a d j u s t e d  ranges  rE* a g a i n s t  n  on log- log paper.  The 
publ ished graphs  l e a v e  no doubt t h a t  a  s t r a i g h t  l i n e  p l o t  
i s  a p p r o p r i a t e .  The n a t u r a l  procedure would be t o  t a k e  t h e  
equa t ion  of t h e  l i n e  a s  
l o g  r** = long c  + h l o g  n  , 
n 
(8 
corresponding t o  t h e  exponent ia l  curve  
Here c ,  a s  w e l l  a s  h,  would b e  es t imated  from t h e  d a t a .  
Hurs t ,  however, appears  t o  have convinced himself  t h a t  t h e  
va lue  of c  ought t o  be  taken  a s  2-h , ( i .e .  l o g  c  = h l o g  2 )  , 
s o  t h a t  i n  h i s  fo rmula t ion  ( 8 )  became 
l o g  r** = h l o g  (n/2) , 
n 
and ( 9 )  
Even i f  c  i s  i n  f a c t  near  t o  2-h t h i s  procedure i n t roduces  a  
r i s k  of producing a b ia sed  e s t i m a t e  of h ,  a s  exempli f ied i n  F igu re  2. 
UNCONSTRAINED LINE. 
h ESTIMATED AS 
SLOPE OF LINE, 
c ESTIMATED AS 
INTERCEPT. 
HURST'S PROCEDURE : 
h ESTIMATED AS SLOPE OF LINE 
CONSTRAINED TO PASS THROLIGH 
FIXED POINT A . 
FIGURE 2 
4 .  H u r s t ' s  Law: A Reformula t ion  of  t h e  E m p i r i c a l  
Vers ion .  and a  P r o ~ o s e d  T h e o r e t i c a l  Model 
I n  o u r  v iew it i s  n e c e s s a r y  t o  r e s t r i c t  t h e  v a l u e s  o f  
n  f o r  which v a l i d i t y  i s  c la imed  f o r  H u r s t ' s  law: t h e  d a t a  on  
which t h e  r e l a t i o n s h i p  rests belong t o  i n t e r v a l s  of  d u r a t i o n  
n o t  less t h a n  a b o u t  t h i r t y  y e a r s ,  and ( w i t h  one  o r  two 
d o u b t f u l  e x c e p t i o n s )  n o t  more t h a n  a b o u t  1 ,000 y e a r s .  There  
does  n o t  seem t o  be any s c i e n t i f i c  j u s t i f i c a t i o n  f o r  assuming 
t h a t  t h e  same r a t h e r  s imple  r e l a t i o n  shou ld  c o n t i n u e  t o  ho ld  
f o r  s u b s t a n t i a l l y  l o n g e r  i n t e r v a l s .  The a p p r o p r i a t e  ex- 
p r e s s i o n  o f  H u r s t ' s  e m p i r i c a l  law i s  t h e r e f o r e  
h  
r;E* a n  ( c a .  3 0 <  n <  c a .  1 ,000)  , ( 1  2)  
where h  i s  a p p r o x i m a t e l y  e q u a l  t o  0 .72 .  With t h e  added p h r a s e  
d e f i n i n g  t h e  r e l e v a n t  v a l u e s  o f  n  (12)  i s  a  v e r s i o n  of ( 9 ) .  
h  W e  p r e f e r  t o  e x p r e s s  r** a s  be ing  p r o p o r t i o n a l  t o  n  , s i n c e  
n  
w e  r e g a r d  t h e  e s s e n c e  of  H u r s t ' s  d i s c o v e r y  a s  l y i n g  i n  t h e  
v a l u e  o f  h ,  t h e  v a l u e  of  t h e  c o n s t a n t  c o f  ( 9 )  b e i n g  of  minor 
impor tance .  
Before  t u r n i n g  t o  a n  a t t e m p t e d  f o r m u l a t i o n  o f  a  mathe- 
m a t h i c a l  model it might  be  a s  w e l l  t o  n o t e  t h a t  such a  model 
might  r e a s o n a b l y  r e p r o d u c e  t h e  Hurs t  e f f e c t  w i t h o u t  hav ing  any 
p r e t e n s i o n s  t o  r e f l e c t i n g  t h e  " r e a l "  s t r u c t u r e  of  t h e  geo- 
p h y s i c a l  s t o c h a s t i c  p r o c e s s e s  invo lved .  Indeed it i s  f a r  
from c l e a r  what t h e  " r e a l "  u n d e r l y i n g  s t r u c t u r e  is. For  
example, i s  it s t a t i o n a r y ?  Is such a  q u e s t i o n  meaningful?  I n  
t h e  a u t h o r s '  view t h e  mathemat ica l  concep t  o f  s t a t i o n a r i t y  i s  
a  c o n v e n i e n t  s i m p l i f i c a t i o n  which i s  probab ly  a p p l i c a b l e ,  a s  
a  f a i r  approx imat ion ,  o v e r  a  l i m i t e d  p e r i o d ,  e .g .  o v e r  a  
p e r i o d  o f  t h e  same o r d e r  of  magnitude a s  t h e  d u r a t i o n  o f  t h e  
h i s t o r i c a l  r e c o r d ;  one  would c e r t a i n l y  n o t  be  j u s t i f i e d  
w i t h o u t  f u r t h e r  e v i d e n c e  i n  p o s t u l a t i n g  a  c o n t i n u a t i o n  o f  
s t a t i o n a r i t y  i n t o  t h e  i n d e f i n i t e  f u t u r e .  
I f  t h i s  view i s  a c c e p t e d ,  it would l e a d  u s  t o  s e e k  models. 
f o r  o u r  d a t a  g e n e r a t i o n  which would b e  v a l i d  f o r  p r e d i c t i o n s  
o v e r  a  p e r i o d  of  t h e  o r d e r  o f  some hundreds of  y e a r s  b u t  n o t  
n e c e s s a r i l y  beyond t h a t  t ime .  Such models ough t  t o  re- 
produce t h e  Hurs t  e f f e c t ,  b u t  w e  do n o t  b e l i e v e  t h a t  w e  
would be j u s t i f i e d  i n  r e q u i r i n g  o f  them t h a t  t h e y  c o n t i n u e  t o  
r eproduce  t h e  Hurs t  e f f e c t  f o r  v a l u e s  of  n  o f  t h e  o r d e r  o f  
4 1.0 o r  l a r g e r ,  s i n c e ,  a s  w e  have a l r e a d y  emphasized, t h e  
h i s t o r i c a l  ev idence  does  n o t  n e c e s s a r i l y  imply such a  t i m e  
h o r i z o n .  
Thus, i n  c o n t r a s t  w i t h  some o f  o u r  d i s t i n g u i s h e d  c o l -  
l e a g u e s  (including Mandelbrot  and h i s  co-workers)  who have 
i n t e r p r e t e d  t h e  H u r s t  e f f e c t  a s  implying t h e  e x i s t e n c e  o f  
a n  ex t remely  long-term p e r s i s t e n c e  i n  g e o p h y s i c a l  d a t a ,  w e  
have been concerned r a t h e r  w i t h  t h e  i n v e s t i g a t i o n  o f  r e l a t i v e l y  
s imple  models which might  d i s p l a y  H u r s t - l i k e  behav iour  over  a  
p e r i o d  of up  t o  a b o u t  1,000 y e a r s .  I f  f o r  such models t h e  
Hurs t  e f f e c t  a s  w e  know it ceased  t o  be  m a n i f e s t e d ,  o r  showed 
i t s e l f  o n l y  i n  a n  a t t e n u a t e d  form, f o r  t i m e  i n t e r v a l s  ex- 
c e e d i n g  1 ,000 y e a r s ,  t h i s  f a c t  would n o t  i n  o u r  view i n -  
v a l i d a t e  t h e  model. 
Our aim h a s  been t o  i n v e s t i g a t e  a n a l y t i c a l l y  t h e  s t a -  
t i s t i c a l  p r o p e r t i e s  o f  t h e  r e s c a l e d  a d j u s t e d  range  o f  
i d e n t i c a l l y  d i s t r i b u t e d  random v a r i a b l e s .  W e  would o f  c o u r s e  
l i k e  them t o  be  a u t o c o r r e l a t e d ,  b u t  s o  f a r  ( w i t h  one  
e x c e p t i o n )  we have been s u c c e s s f u l  o n l y  w i t h  m u t u a l l y  inde-  
pendent  v a r i a b l e s .  T h i s  work w i l l  be o u t l i n e d  i n  S e c t i o n  5. 
For r e a s o n s  o f  s p a c e  we must a l l o w  o u r s e l v e s  o n l y  t h e  
b r i e f e s t  ment ion  o f  t h e  l a r g e  body o f  numer ica l  work c a r r i e d  
o u t  i n  t h e  f i e l d  of  s i m u l a t i o n  by v a r i o u s  r e s e a r c h e r s ,  i n -  
c l u d i n g  Yevjevich  (working w i t h  s e a s o n a l l y  v a r y i n g  a u t o -  
r e g r e s s i v e  p r o c e s s e s ) ,  Mandelbrot  and h i s  co-workers ( u s i n g  
" f r a c t i o n a l  Gauss ian  n o i s e " ) ,  OtConne l l  ( u s i n g  "ARIYA" 
models i n v o l v i n g  a  combinat ion  of  a u t o r e g r e s s i o n  and moving 
a v e r a g e )  and Klemes ( u s i n g  a  v a r i e t y  o f  d i s t r i b u t i o n s  b o t h  
independent  and a u t o c o r r e l a t e d ) .  
5.  Our I n t e r p r e t a t i o n  of  H u r s t ' s  Resu l t s  
A l l  of H u r s t ' t  d a t a  exh ib i t ed  v a r i a b i l i t y  (which d a t a  
do n o t ? ) .  For each r i v e r  we may r ega rd  t h e  d a t a  a s  a  sampie 
from a  popula t ion  of va lues ,  I t  i s  t h e r e f o r e  a p p r o p r i a t e  t o  
regard H u r s t ' s  v a l u e s  of r** a s  t h e  observed v a l u e s  of  a  
n  
random v a r i a b l e  R**. We d e f i n e  t h i s  random v a r i a b l e  a s  
n  
fol lows:  Let  X 1 X 2 ,  ..., X r e p r e s e n t s  n  i d e n t i c a l l y  d i s t r i b u t e d  
n  
random v a r i a b l e s  ( t h e  consecut ive  annual  f l o w s ) ,  and l e t  
. 
- 
x = f x . / n .  L e t  
n  j=1 7 
and 
- - 
Ln = min {xl  - Xn,  X1 + X 2  - 2 X n ,  ..., 
Then 
R** = (M 
n n - L n ) / D n  1 
where n  
W e  i n t e r p r e t  H u r s t ' s  law i n  t h e  empi r i ca l  form (12) a s  meaning 
E (RE* ) a n I \ ca .  30 < n < ca .  1,000 , (15) 
(where "I2 ( 0 )  " deno te s  "expec t a t i on"  i n  t h e  s t a t i s t i c a l  sense)  . 
I t  i s  i m p o r t a n t  t o  r e c o g n i z e  t h a t  t h i s  i s  n o t  t h e  same as  
-
The f a c t  t h a t  Hurs t  used t h e  symbol " a "  t o  r e p r e s e n t  t h e  
s c a l i n g  d i v i s o r  Dn shou ld  n o t  mis lead  u s  i n t o  r e g a r d i n g  t h i s  
as a  known c o n s t a n t :  it i s  a n  observed v a l u e  dn of  a 
random v a r i a b l e  D and i s  s u b j e c t  t o  sampling v a r i a b i l i t y  
n  ' 
i n  e x a c t l y  t h e  same way a s  i s  t h e  numerator  M 
n  - Ln i n  ( 1 5 ) .  
The impor tance  o f  t h i s  p o i n t  can  h a r d l y  be  over-  
emphasized. I n  a t t e m p t i n g  t o  b u i l d  a t h e o r e t i c a l  model f o r  
t h e  Hurs t  e f f e c t  w e  would p o s t u l a t e  some d i s t r i b u t i o n a l  
form f o r  t h e  set  ( X 1 , X 2 ,  ..., X n ) ,  and t h e n  examine t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  of  t h e  random v a r i a b l e  (Mn  - Ln)/Dn. 
I t  might  be  s a i d  a t  t h i s  p o i n t  t h a t  i n v e s t i g a t i o n s  o f  t h i s  
k ind  have n o t  gone v e r y  f a r ,  b u t  a t  l eas t  something i s  known 
a b o u t  t h e  expec ted  v a l u e  E { (mn - Ln) /D,} = E (R:*) . 
Even f o r  t h e  e x p e c t a t i o n s ,  however, r e s u l t s  have o n l y  
r e c e n t l y  become a v a i l a b l e  (Anis  and Lloyd [ 31  ) . Ear l ie r  
workers ,  i n c l u d i n g  o u r s e l v e s ,  e i t h e r  found t h i s  random v a r i a b l e  
t o  be i n t r a c t a b l e  o r  f a i l e d  t o  a p p r e c i a t e  t h e  r o l e  o f  H u r s t ' s  
s c a l i n g  p rocedure .  I n  t h e  n e x t  s e c t i o n  w e  s h a l l  o u t l i n e  some 
o f  t h i s  e a r l i e r  work, which i s  l a r g e l y  r e s t r i c t e d  t o  eva lu -  
a t i o n  of  t h e  e x p e c t a t i o n  o f  t h e  unsca led  a d j u s t e d  r a n g e  
R* = M 
- Ln, s t a n d a r d i z e d  by d i v i s i o n  by t h e  assume p o p u l a t i o n  n  n  
v a l u e  a of  t h e  s t a n d a r d  d e v i a t i o n  of  t h e  i n f l o w  X (which j 
w e  may c o n v e n i e n t l y  t a k e  t o  be u n i t y )  o r  even o f  t h e  u n s c a l e d  
(and u n a d j u s t e d )  c r u d e  r a n g e  Rn,  s i m i l a r l y  s t a n d a r d i z e d ,  where 
t h e  p o pu l a t i o n  v a l u e  a of  t h e  common e x p e c t a t i o n  o f  t h e  
common e x p e c t a t i o n  of t h e  X r e p l a c i n g  t h e  sample mean 2 j n  
used i n  t h e  a d j u s t e d  range .  
The r e a l  " j u s t i f i c a t i o n "  f o r  u s i n g  t h e  unsca l ed  ad- 
j u s t e d  range  is  t h a t  it is  more amenable t o  mathemat ica l  
t r e a t m e n t  t h an  i s  t h e  t r u e  Hurs t  r ange .  A more r e s p e c t a b l e  
b u t  somewhat f a l l a c i o u s  j u s t i f i c a t i o n  would be t h e  argument 
t h a t  
where a d e n o t e s  t h e  p o p u l a t i o n  v a l u e  o f  t h e  i n f l o w  s t anda rd  
d e v i a t i o n .  S i n ce  Dn i s  p o s i t i v e l y  c o r r e l a t e d  w i t h  Mn - Ln 
t h i s  approximat ion can  l e a d  t o  p o s s i b l y  s u b s t a n t i a l  e r r o r s .  
The e f f e c t  of  t h e  p o s i t i v e  c o r r e l a t i o n  between t h e  
a d j u s t e d  r an g e  Mn - Ln and t h e  sample s t anda rd  d e v i a t i o n  Dn 
i s  shown i n  a n  exaggera ted  form i n  t h e  c a s e  where n  = 2. I n  
t h i s  c a s e  
whence 
D 2  = fix, - x21 
Thus 
M 2  - L2  = max {O ,%(x1  - x 2 ) }  - min ( X 1  - X 2 ) 1  
and 
R** = max {O,s ign  ( X I  - X 2 ) ]  - min { 0 , s i g n  (x l  - x 2 )  1 , 
n  
s i n c e  
+1 , i f  X 1  ' ' 2 ,  
-1 , i f  X l  < X 2  
= s i g n  ( X I  - x 2 )  
(We may neglect the case X1 = X as having zero probability.) 2 
Considering the possible cases, we have 
Case 1) : XI > X2 , sign (X 1 - X2) = +1 , 
R** = max (0,l) - min (0,l) = 1 - o 2 
= 1  . 
Case 2): X1 < X2 , sign (XI - X2) = -1 I 
R** = max (0, - 1) - min (0, - 1) = 0 - (-1) 
n 
= 1  . 
Thus in both cases the random variable R;* reduces to a 
constant, whatever the distribution of the X. 
In contrast to this, the unrescaled adjusted range is 
R* = M 2 2 - L 2  
= max {0,+(X1 - X2) 1 - min {off (x, - X2) 1 
= f;xl - X21 , 
a random variable whose expectation is necessarily sensitive 
to the distribution of the X 
1. 
(The "other possible interpretation" of Hurst's work mentioned 
at the end of Section 3.2 does not lend itself to a clear 
theoretical formulation, producing a "range" of the form 
where 
and where t h e  process  r e l a t i o n  of t h e  n ( r )  t o  n  would have t o  
be taken i n t o  account .  Perhaps t h e  b e s t  way t o  d e a l  w i th  t h i s  
would be t o  r ega rd  it a s  an in t e rmed ia t e  c a s e  between our  ( 1 4 )  
and a  new range 
where M - L i s  de f ined  a s  i n  ( 1 4 )  and 
n  n  
1 1  1 
t h e  v a r i a b l e s  X 1 , X 2 ,  ..., Xm r e p r e s e n t i n g  a  s e t  of  m f lows 
which a r e  independent of t h e  n  f lows and used i n  d e f i n i n g  
Mn - L . This  i s  a  wel l -def ined random v a r i a b l e ,  whose 
n  
p r o p e r t i e s ,  however, have n o t  been i n v e s t i g a t e d . )  
6. A Brief  Summary of S t o c h a s t i c  Models 
Sums of independent random v a r i b l e s  have long been ob- 
j e c t s  of  i n t e r e s t  t o  p r o b a b i l i s t s ,  and it i s  well-known 
t h a t ,  f o r  t h e  c rude  range R of sums of independent and 
n  
i d e n t i c a l l y  d i s t r i b u t e d  random v a r i a b l e s  having f i n i t e  
v a r i a n c e ,  t h e  e x p e c t a t i o n  s a t i s f i e s  
E ( R n )  - n 1 / 2  
f o r  s u f f i c i e n t l y  l a r g e  n. An approximate va lue  of E (R:) f o r  - 
binomial increments  was ob ta ined  by Hurst  . 
The exac t  va lue  of  E ( R  ) f o r  f i n i t e  va lues  of  n  w i th  
n  
independent Normal X ' s  obta ined  by Anis and Lloyd. Subse- 
quent  i n v e s t i g a t i o n s  of  t h e  unscaled a d j u s t e d  range R* ( f o r  
n  
sums of independent increments X . )  were c a r r i e d  o u t  by 
1 
F e l l e r  (Brownian motion) [ l o ] ,  S o l a r i  and Anis (Normal 
i n c r e m e n t s ) [ l 7 ] ,  Moran ( " s t a b l e "  increments-crude range 
on ly)  [ l 6 ] ,  Boes and Salas-La Curz ( " s t a b l e " )  [71 and o t h e r  
increments ,  a d j u s t e d  r a n g e ) ,  Moran (gamma d i s t r i b u t e d - c r u d e  
range on ly )  [ I  61 and Anis and Lloyd (gamma-ad ju s t ed  range)  [ 2 1 . 
- R e c e n t l y  t h e  e x p e c t a t i o n  of  t h e  r e s c a l e d  a d j u s t e d  r a n g e  
-- 
( 1 5 )  h a s  been o b t a i n e d  f o r  t h e  c a s e  o f  independen t  normal 
i n c r e m e n t s  and a l s o  f o r  a s p e c i a l  c a s e  o f  i n c r e m e n t s  hav ing  
a m u l t i v a r i a t e ,  normal ly  c o r r e l a t e d  d i s t r i b u t i o n .  The re- 
s u l t s  o f  t h e s e  i n v e s t i g a t i o n ~  may be  summarized as  i n  Tab le  2.  
The o n l y  known t h e o r e t i c a l  b a s i s  f o r  comparison between 
a n a l y t i c a l  r e s u l t s  o n  t h e  c r u d e ,  t h e  a d j u s t e d ,  and t h e  H u r s t  
r a n g e  rests on t h e  c a s e s  of  independen t  normal i n f l o w s .  
The fo rmulae  g i v e n  i n  Tab le  2 y i e l d  f u n c t i o n s  whose g r a p h s  
are q u a l i t a t i v e l y  o f  t h e  f o l l o w i n g  form: 
LOPE 
I log n 
FIGURE 3 
























r (-2-) n I;- 1 y v  


















Valid for large n only 
1 (Asympt. like n ) 
-1 (Approx. equal to 2 sin 
(1 - lln) Asympt.like n2 
Asymptotic results only 
(Asymp. like n 1 la 
- 
- 
A conjectured formula. 
shown by simulation to 
be a good approx. 
















ni 1;-I l/vi(r-s) 
n- 1 kkm- 1 (n-k ) m r (mn) C (n - k) 




I I 1- 1;-I vn r 
I 
k i 
Quantitative results are given in Table 3, in which we give 
also the corresponding results for the unrescaled adjusted 
range E(R:). The slope at a given value of n may be re- 
garded as the "local Hurst exponent" h(n). 
Table 3 .  Adjusted range E(Rfi*), with corresponding 
values of local Hurst exponent h(n), for 
independent Normal increments. 
It will be seen that the unscaled adjusted range over- 
*estimates the local Hurst exponent. If it were established 
that the relation between the unscaled adjusted range and 
a 
the Hurst range were similar to this for other distributional 
Rescaled range ' 
E(R;F*) h (n) 
1 . 9 3  .68  
3 . 0 2  . 6 3  
4 . 6 1  . 5 9  
7 . 8 1  . 5 6  
1 1 . 4 5  - 5 4  
. 5  
forms such as the gamma (and by continuity arguments this must 
be so for gamma distributions of small skewness) the results 
Adjusted range 
E (R*,) h(n) 
1 . 6 2  . 8 9  
2 . 7 9  . 7 1  
I ! I Crude range 
n I E (Rn) h(n) 
obtained for the adjusted range of gamma and stable inflows, 
5  
1 0  
tabulated in Table 2,  could be regarded as relevant to our 
discussion. For these the local Hurst exponents for the 
2 . 5 8  . 6 7  
4  - 0 1  . 6 1  
2 0  
5 0  
1 0 0  
n-72 
rescaled adjusted range, without being too poor an approxima- 
tion to the latter) are as follows in Table 4- 
6 . 0 6  .58  1 4 . 4 4  . 6 3  
1 0 . 1 7  . 5 5  1 7 . 7 0  . 5 8  
1 4 . 8 3  . 5 4  / 1 1 . 3 9  . 5 5  
I 
. 5  . 5  I 
Table  4 .  Value of  t h e  l o c a l  H u r s t  exponent  h  ( n )  f o r  
t h e  u n r e s c a l e d  a d j u s t e d  r a n g e  of gamma ( m )  
i n f l o w s .  
I t  w i l l  be  s e e n  by interrelation t h a t  m u t u a l l y  inde-  
pendent  gamma ( m )  i n f l o w s ,  w i t h  m 0 . 0 0 5 ,  r e p r o d u c e  t h e  
Hurs t  e f f e c t  v e r y  w e l l  i n  t h e  d e s i r e d  i n t e r v a l  o f  s a y ,  
f i f t y  t o  1 , 0 0 0  y e a r s ,  and it i s  r e a s o n a b l e  t o  suppose  t h a t  
s i m i l a r  r e s u l t s  would h o l d  f o r  t h e  H u r s t  r a n g e  o f  independen t  
gamma i n f l o w s  having a  shape  parameter  m n o t  v e r y  d i f f e r e n t  
from 0 . 0 0 5 .  
< 
I t  must  b e  a d m i t t e d  t h a t  t h i s  shape  pa ramete r  r ep -  
r e s e n t s  a n  u n r e a l i s t i c a l l y  h i g h  d e g r e e  o f  skewness.  I t  i s  
p o s s i b l e  t h a t  s imi lar  r e s u l t s  might  be  o b t a i n e d  w i t h  a  more 
a c c e p t a b l e  skewness i n  t e r m s  o f  a  more f l e x i b l e  i n f l o w  d i s -  
t r i b u t i o n  f a m i l y .  Work i s  proceed ing  a l o n g  t h e s e  l i n e s  f o r  
t h e  log-Normal and t h e  n o n - c e n t r a l  ch i - squared  f a m i l i e s .  
7. The E f f e c t  o f  C o r r e l a t i o n  
n  
( l e n g t h  of  
r e c o r d )  
1 0  
2 0  
5 0  
1 0 0  
5 0 0  
1 , 0 0 0  
I t  would of  c o u r s e  be  c o m p l e t e l y  u n r e a l i s t i c  t o  p r e t e n d  
t h a t  t h e  a n n u a l  i n c r e m e n t s  X a r e  i n  f a c t  m u t u a l l y  independen t .  i 
The independence assumpt ion  impl ied  i n  t h e  r e s u l t s  o f  Sec- 
t i o n  5  h a s  been f o r c e d  upon u s  by r e a s o n s  o f  t r a c t a b i l i t y :  
. 
h (11) 
m = . I 0 0  m = . 0 1 0  m = . 0 0 1  
. 8 9  1 . 0 7  1 . 1 1  
. 7 6  . 9 7  1 . 0 4  
. 6 5  . 8 6  1  .OO 
.61  . 7 8  . 9 6  
. 5 4  . 6 3  . 8 4  
. 5 3  . 5 9  . 7 7  
that is, workers who have assumed independence have done so 
in the hope of developing methods which are capable of being 
generalized to deal with correlation. So far it must be 
admitted that only in one case has theory proved capable 
of dealing with correlated flows, namely the situation when 
the Normal increments Xi are "symmetrically correlated," 
that is where for example corr (xI ,x2) = corr (x1,x3) = - *  = 
= corr (x , ,xn) = corr (X x ) = --• 2 '  3 = corr ( x ~ - ~  , xn) = p .  
No conceivable geophysical system could behave in this 
way. The results obtained are nevertheless not without 
interest, since it turns out that for the unrescaled adjusted 
range the expectation is proportional to ( 1  - p)', whereas in 
the rescaled adjusted case (the Hurst range) the expectation 
does not depend on p at all. 
That such an unexpected result could exist, albeit in an 
unrealistically correlated situation, must point to a need 
for caution in extrapolating from the unrescaled results to 
the Hurst range. 
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